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Abstract
Absolutely integral algebras over a field are the subject of a chapter in Field Theory. They are also
known as geometrically integral algebras in Algebraic Geometry. We generalize this concept to arbitrary
commutative algebras. Our first main result is that a ring homomorphism is absolutely integral if and only if
it becomes flat after an integral base change and its fibers are geometrically integral. These homomorphisms
are characterized with the help of absolute integral closedness property and do have some transcendence
properties. They generally preserve normality, regularity, and the complete intersection property.
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1. Introduction and notation
This paper deals with homomorphisms of commutative unital rings A → B for which C⊗A B
is an integral domain, whenever A → C is a ring homomorphism whose target is an integral do-
main. Such homomorphisms are encountered in Commutative Algebra and Algebraic Geometry.
Actually, they already arise in Field Theory under the name of absolutely integral algebras over
a field and are important in the study of varieties. More precisely, an algebra B over a field K
is called absolutely integral if L ⊗K B is an integral domain for any field extension K ↪→ L.
This definition may be found for instance in Bourbaki [5, Chapter V, Sections 17 and 15]. It is
well known that an algebra B over an algebraically closed field is absolutely integral if and only
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G. Picavet / Journal of Algebra 311 (2007) 584–605 585if B is an integral domain [5, Corollaire 2, p. 137]. Geometrically integral is another relevant
terminology used in Algebraic Geometry instead of absolutely integral.
Let B be an absolutely integral K-algebra over a field. Then C ⊗K B is an integral domain
for each K-algebra C, which is an integral domain [5, Proposition 5, p. 115]. This fact induces
us to call absolutely integral any homomorphism of rings A → B verifying the same property.
Clearly, polynomial algebras A → A[Xi, i ∈ I ] are absolutely integral. An A-algebra B is called
locally polynomial if for each prime ideal P of A the AP -algebra BP is polynomial. Bass, Con-
nell and Wright and also Suslin proved independently that locally polynomial algebras of finite
presentation are symmetric algebras of some finitely generated projective modules [3] and [33].
If B is the symmetric algebra of an A-module M , then K ⊗A B is a polynomial algebra. This
property is a first test for an algebra to be a symmetric algebra. Here, we are close to the notion
of fibration.
Fibrations are homomorphisms, taking into account the above situation. As usual, if A is
a ring and P ∈ Spec(A), then k(P ) denotes the residual field AP /PAP  (A/P )P at P . We
say that a homomorphism of rings A → B of finite type is an An-fibration if k(P ) ⊗A B 
k(P )[X1, . . . ,Xn], where X1, . . . ,Xn are indeterminates, for all P ∈ Spec(A). Generally, au-
thors ask for A → B to be flat and of finite presentation [1,4,13]. We defined algebraically flat
A-algebras. They are the flat objects of the category of commutative A-algebras [29]. We proved
that these algebras are direct limits of polynomial algebras. Hence an algebraically flat algebra
defines an absolutely integral homomorphism and so do algebraically projective algebras (the
projective algebras of literature, see [10,29]).
In this paper, Spec(A) denotes the spectrum of a commutative ring A and is never the affine
scheme associated to A. The spectral map of a ring homomorphism f :A → B is denoted by
af : Spec(B) → Spec(A). The fiber af −1(P ) of f at P ∈ Spec(A) is homeomorphic to the
spectrum of the fiber ring k(P ) ⊗A B  BP /PBP , whereas the fiber morphism of f at P is
k(P ) → k(P )⊗A B . We denote by K an algebraic closure of a field K . The geometric fiber ring
of f at P is k(P ) ⊗A B . The generic fiber rings of f are the rings k(M) ⊗A B , where M is a
minimal prime of A. Clearly, af is surjective (i.e. f has lying-over) if and only if each fiber ring
of f is nonzero.
Within the pushout context, we say that a ring morphism, whose target is an integral domain
(respectively, a field), is a domain base change (respectively, a field base change).
Actually, many useful homomorphisms of rings are close to being absolutely integral. For
instance, let A be a ring and S a multiplicative subset of A. Then A → AS may not be absolutely
integral, for CS is either an integral domain or zero if A → C is a domain base change. This situ-
ation and some others lead us to call almost absolutely integral a homomorphism of rings A → B
such that C ⊗A B is either an integral domain or is zero for any domain base change A → C. As
the reader may have already observed, above examples of (almost) absolutely integral homomor-
phisms are flat. Corollary 2.7 shows that these homomorphisms do verify a flatness condition,
which amounts to flatness under mild hypotheses. We go into further details and consequently,
need some notation and definitions in view of an easier reading.
Let M be a property of ring homomorphisms. For convenience’s sake, we say that a homo-
morphism of rings f :A → B is integrally M, if C → C ⊗A B verifies M for any domain base
change A → C. In the following, M will be for instance the flat property or the torsion-free
property. When M is a universal property, (i.e. stable under any base change), f is integrally M
if and only if A/P → B/PB verifies M for each P ∈ Spec(A). Indeed, a domain base change
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there is a pushout diagram DC(f ):
A/PC −−−−→ B/PCB⏐⏐
⏐⏐
C −−−−→ C ⊗A B.
If A → K is a field base change, there is another pushout diagram KK(f ), where A/PC is
replaced with k(PK) and B/PCB with the fiber ring k(PK) ⊗A B .
A ring homomorphism f :A → B is called torsion-free if f (a) is regular whenever a ∈ A
is regular. Clearly, f is torsion-free when B = 0. A homomorphism of rings A → B is called
straight if A/P → B/PB is torsion-free for each P ∈ Spec(A). This terminology is introduced
in a joint paper with D. Dobbs [12]. Clearly, the classes of integrally torsion-free homomor-
phisms and of universally straight homomorphisms coincide, because pushouts DC(f ) exist. We
prove that integral flatness is logically equivalent to integral torsion-freeness. Therefore, an ab-
solutely integral homomorphism is integrally flat (see Corollary 2.7). Moreover, A → B is flat if
in addition, either A is locally integral or A is reduced and A → B is of finite presentation.
More or less trivial properties of (almost) absolute integrity are shown in Proposition 2.8.
An almost absolutely integral homomorphism A → B is prime-producing; that is, either PB ∈
Spec(B) or PB = B for each P ∈ Spec(A). We derive from this result that A → B is uni-
versally going-down. Moreover, A → B is absolutely integral if and only if A → B is almost
absolutely integral and has lying-over. This allows us to reduce the first property to the second.
We show that almost absolute integrity of A → B localizes and globalizes. Characterizations
with respect to factor rings give one of our main results (Theorem 2.12): a homomorphism f is
(almost) absolutely integral if and only if f is integrally flat with (almost) geometrically integral
fibers. Hence a flat fibration is absolutely integral. We say that a homomorphism of rings A → B
is (almost) geometrically integral if A → B is flat with (almost) geometrically integral fibers.
Such homomorphisms are (almost) absolutely integral. Hence, to within domain base changes,
(almost) absolutely integral homomorphisms are (almost) geometrically integral.
In Section 3, we examine another facet of absolute integrity; that is, integral closedness. Fol-
lowing Sweedler [34], we say that a homomorphism of rings A → B is absolutely integrally
closed if C → C ⊗A B is injective and integrally closed for each domain base change A → C.
Our second main result is couched down in Theorem 3.3 as follows, extending a result of Field
Theory. An absolutely integral homomorphism of rings is absolutely integrally closed.
Understanding of the following statement need the observation that P → PB defines a map
Spec(A) → Spec(B) for an integrally flat homomorphism A → B . Theorem 3.9 asserts that an
integrally flat homomorphism f is absolutely integral if and only if PB ∈ Spec(B) for each
P ∈ Spec(A) and the residual fields extensions k(P ) → k(PB) are algebraically closed and
separable for each P ∈ Spec(A). This last property can be replaced with k(P ) → k(PB) is
absolutely integrally closed. Absolute integrity of a homomorphism is also equivalent to its ab-
solute irreducibility and absolute integral closedness (see Proposition 3.10). Absolute integral
homomorphisms do verify some transcendental conditions as Propositions 3.11 and 3.12 show.
This section ends with descent results.
In Section 4, we show that absolutely integral homomorphisms have good transfer properties.
Symmetric algebras are deeply involved when regularity is concerned. The symmetric algebra
SA(M) of an A-module M is absolutely integral over A if and only if M is integrally flat (see
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A-isomorphic to SA(I). A result of Micali tells us that if A is an integral domain, I is of linear
type amounts to saying that SA(I) is an integral domain [24, Proposition 1]. These observa-
tions combine to yield in Proposition 4.4 that an absolutely integral homomorphism with regular
fiber rings, between Noetherian rings, preserves regularity. We prove a variant, which seemingly
cannot be reduced to the previous result. Let f :A → B be an almost absolutely integral homo-
morphism between Noetherian rings and P belonging to Im(af ) such that AP is regular. Then
Proposition 4.5 shows that BPB is regular. Also, normality is transferred under finiteness hy-
potheses and normality of fiber rings (see Proposition 4.7). Moreover, Proposition 4.12 shows
that the complete intersection property is locally preserved by flat almost absolutely integral ho-
momorphisms between Noetherian rings. Consider a local Noetherian ring A whose formal fiber
rings are geometrically normal and denote by Ah and Â its Henselization and completion. We
observe in Proposition 4.10 that Ah → Â is absolutely integral.
The last section shows that absolute integrity preserves the irreducibility of “flat” polynomials.
As a consequence, we get that absolutely integral homomorphisms preserve the properties for an
element of not being a square and a cube. This sounds like seminormality.
Our notation is standard and some definitions and notation will be recalled when needed. But
we emphasize that in this paper an epimorphism is an epimorphism of the category of commuta-
tive rings. Such epimorphisms do not need to be surjective. It is enough to consider a localization
with respect to a multiplicative subset. A useful characterization of an epimorphism A → B is
that its codiagonal map B ⊗A B → B is bijective [22, Lemme 1.0, p. 108]. The reader may con-
sult [22, Chapitre IV] for more results. We will also have to consider absolutely flat morphisms,
which are flat morphisms with flat codiagonal maps. This notion should not be confused with
absolutely flat rings, also called Von Neumann regular rings.
2. Flatness and absolute integrity
Definition 2.1. Let A → B be a homomorphism of rings. If P is a property of rings, we say that
A → B is absolutely P (or that B is an absolutely P algebra over A) if C ⊗A B verifies P for
any base change A → C where C verifies P.
When P is the integral domain property (respectively, the reduced property), corresponding
homomorphisms (or algebras) are absolutely integral (respectively, absolutely reduced) homo-
morphisms. Absolutely P properties are universal (i.e. preserved in any base change).
As already explained in Section 1, these two last terminologies come from Bourbaki’s book
on Field Theory [5, Chapter V, Sections 15 and 17]. Then [5, Proposition 2, p. 134] and [5,
Proposition 5, p. 115] show that our terminology and Bourbaki’s agree. Absolutely reduced al-
gebras over a field are defined under the name of separable algebras in Bourbaki. Another useful
definition follows.
Definition 2.2. Let P be a property of rings. We say that a homomorphism of rings f :A → B is
geometrically P if the following conditions hold:
(1) A → B is flat.
(2) K ⊗A B verifies P for every field base change A → K .
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ring k(P )⊗A B at P ∈ Spec(A) of A → B is geometrically P if k(P ) → k(P )⊗A B is geomet-
rically P.
Clearly, a flat absolutely P homomorphism is geometrically P. Moreover, f :A → B is ab-
solutely integral if f is geometrically integral. To see this, observe that a domain base change
A → C can be extended to a field base change A → K , where K is the quotient field of C. Then
use the flatness of C → C ⊗A B .
Actually, flatness condition in Definition 2.2 is verified in many cases by absolutely P homo-
morphisms. An absolutely reduced homomorphism A → B is flat if A is reduced [23, Proposi-
tion 3.2]. Absolutely reduced homomorphisms are closely related to the preservation of integral
closure in an arbitrary base change [23,28]. We will show in this section that a certain flatness
property holds for absolutely integral homomorphisms.
Definition 2.3. Let f :A → B be a homomorphism of rings. We say that f is almost absolutely
integral if C ⊗A B is either an integral domain or is zero for any domain base change A → C.
We say also that f is almost geometrically integral if f is flat and K ⊗A B is either an integral
domain or is zero for any field base change A → K .
Example 2.4. We give two examples of almost absolutely integral homomorphisms.
(1) Let I := (a1, . . . , an) be a finitely generated ideal of a ring A. Let B be the forcing algebra
A[X1, . . . ,Xn]/(a1X1 + · · · + anXn − 1) [18]. Then f :A → B is of finite presentation, flat and
with spectral image D(I ). The ring D := {b ∈ B | b⊗1 = 1⊗b in B⊗AB} is the ring of sections
of the affine scheme A˜ over the open subset D(I ) [30, Theorem 2.7]. Let A → K be a field base
change with kernel PK . If PK belongs to D(I ), then K ⊗A B is isomorphic to a polynomial ring
over K . If not, K ⊗A B is zero. Now let A → C be a domain base change and K the quotient
field of C. From the flatness of f , we deduce that C ⊗A B is either an integral domain or zero.
(2) Let f :A → B be a flat epimorphism, e.g. a localization A → AS , for a multiplicative sub-
set S of A. Then for any domain base change A → C, either C ⊗A B is an integral domain or is
zero. To show this we may assume that A is an integral domain and B = 0. Let Q be an arbitrary
prime ideal of B and P := f −1(Q). Then AP → BQ is an isomorphism [22, Proposition 2.4,
p. 111]. Thus B is reduced. Any minimal prime ideal of B is lying over (0) in A by flatness of f .
Then observe that af is injective [22, Proposition 1.4, p. 109]. It follows that B has a unique
minimal prime ideal. Hence, B is an integral domain.
Almost absolute integrity is a universal property. Moreover, f is absolutely integral if and
only if f has lying-over and f is almost absolutely integral.
We next establish results on (almost) absolutely integral homomorphisms. Clearly, each of
these classes of homomorphisms is stable under the formation of direct limits or tensor products.
Lemma 2.5 is a key result. The two next proofs use ideas of Lazarus [23]. Notice that if B is
zero, A → B is torsion-free (see the definition of Section 1).
We will use the following well-known result. Let R be a nonzero ring. Then R →∏
P∈Spec(R) RP is injective. Thus R is reduced if R is locally integral. It follows easily that a
ring R is locally integral if and only if R is reduced and its minimal prime ideals are comaximal.
Lemma 2.5. Let f :A → B be an almost absolutely locally integral ring homomorphism. Then
f is integrally torsion-free. In particular, C → C⊗A B is injective for every domain base change
A → C such that C ⊗A B = 0.
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be such that r = 0 and rb = 0. Set A′ := A[X,Y ]/(X2 − rY ). Then A → A′ is free, whence
flat. Let K := AS be the quotient field of A where S = A \ {0}. As A′ → A′S is injective and
A′S = K[X,Y ]/(Y − r−1X2)  K[X] is an integral domain, A′ is an integral domain because
it is nonzero. Therefore R := B[X,Y ]/(X2 − rY ) is locally an integral domain because it is
nonzero. Denote by x and y the classes of X and Y . We get x2 = ry and (bx)2 = rb2y = 0.
Thus bx = 0 because R is reduced. Hence bX ∈ (X2 − rY )B[X,Y ] and so b = 0 (considering
X2 − rY as a monic polynomial in X over B[Y ]). Thus A → B is torsion-free. 
A homomorphism of rings f :A → B is called straight if the (A/P )-module B/PB is
torsion-free for each P ∈ Spec(A); that is, B/PB → k(P ) ⊗A B  BP /PBP is injective. This
definition generalizes to arbitrary homomorphisms a definition introduced in a joint paper with
D. Dobbs [12]. Then f is straight if and only if, for each P ∈ Spec(A), PB is the contraction of
the ideal PBP of BP through the homomorphism B → BP . Observe that a flat homomorphism
is universally straight.
Theorem 2.6. Let f :A → B be a homomorphism of rings. The following statements are equiv-
alent:
(1) f is integrally flat.
(2) f is universally straight.
(3) f is integrally torsion-free.
If in addition, either A is a locally integral domain or f is of finite presentation (as an A-algebra)
and A is reduced, the preceding statements are equivalent to the flatness of f . Moreover, if f is
of finite type and A is an integral domain, then f is of finite presentation.
Proof. Clearly, (1) implies (2) because a flat module is torsion-free and flatness is universal.
Moreover, (2) implies (3) is also obvious.
Assume that (3) holds. Then in order to show that (1) holds, we can assume that A is an
integral domain. Our aim is to prove that u : I ⊗A B → B is an injective map for an arbitrary
finitely generated ideal I = (a1, . . . , an) of A [6, Remarques (1), p. 27]. We consider the Rees
algebra R := A[a1X, . . . , anX] of I and set C := R[Y,YX] where Y is an indeterminate. Then
C is an integral domain and C → C ⊗A B is torsion-free. Now consider the following homo-
morphisms of A-modules: α : I → C defined by α(a) = aX for a ∈ I , β :C ⊗A B → C ⊗A B
defined by β(z) = Yz for z ∈ C ⊗A B and γ :B → C ⊗A B defined by γ (b) = YX ⊗ b. We
get easily that γ ◦ u = β ◦ (α ⊗ IdB). Thus it is enough to show that β and α ⊗ IdB are injec-
tive. As α(I) is a direct summand of the A-module C and α is injective, the exact sequence
0 → I α−→ C → C/α(I) → 0 is split over A and therefore, so is this sequence tensored by B .
Hence α ⊗A IdB is injective. Since C ⊗A B is torsion-free over C and Y is nonzero in C, we get
that β is injective and the proof is complete.
Assume that f is of finite presentation with A reduced and that statement (1) holds. Then the
flatness of f is a consequence of a flatness valuative criterion. Indeed, V → V ⊗A B is flat for
each base change A → V where V is a valuation domain [27, Proposition 20 of Chapter II].
Moreover, A → B is of finite presentation if f is of finite type and flat and A is an integral
domain [31, Introduction, p. 1]. 
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ticular, an absolutely integral homomorphism is integrally faithfully flat. If in addition, either A
is locally integral or f is of finite presentation and A is reduced, then f is flat.
Proof. Use Lemma 2.5 and Theorem 2.6. 
A homomorphism of rings f :A → B is called prime-producing if either PB is a prime ideal
or PB = B for each P ∈ Spec(A). In the following, X (f ) denotes the image of the spectral map
af : Spec(B) → Spec(A) associated to f :A → B .
Proposition 2.8. Let f :A → B be an almost absolutely integral homomorphism.
(1) f is universally a prime-producing homomorphism.
(2) If A → C is a domain base change, then C ⊗A B = 0 is equivalent to PC ∈X (f ). It follows
that f is absolutely integral if and only if f has lying-over.
(3) Let P ∈ Spec(A). Then PB is a prime ideal of B if and only if f −1(PB) = P or equiva-
lently, P ∈X (f ).
(4) f is universally going-down.
(5) A minimal prime ideal Q of B is of the form Q = PB where P is a minimal prime ideal
of A. Moreover, if P belongs to Min(A) ∩X (f ), then PB belongs to Min(B).
(6) af : Min(B) → Min(A) ∩X (f ) is a bijection.
(7) If Spec(B) → Spec(A) is Zariski open ( for instance, if f is of finite presentation),
af : Min(B) → Min(A) ∩X (f ) is a homeomorphism.
Proof. (1) is straightforward, since B/PB is either an integral domain or zero for each P ∈
Spec(A).
Let A → C be a domain base change. Assume that C⊗AB = 0; so that C⊗AB has a minimal
prime ideal M . Since C → C ⊗A B is flat whence going-down, M is lying over (0) in C. It
follows that PC ∈X (f ). To show the converse, it is enough to recall that there is a surjective map
in the category of sets (not of schemes) Spec(C ⊗A B) → Spec(C)×Spec(A) Spec(B). Therefore,
(2) is proved.
We show (3). Since f is prime-producing, f −1(PB) = P implies PB ∈ Spec(B). Con-
versely, assume that PB ∈ Spec(B). Then A/P → B/PB is flat by Corollary 2.7. As A/P
and B/PB are integral domains, this map is injective and f −1(PB) = P . Now (4) is an easy
consequence of (3).
Let Q be a minimal prime ideal of B and set R = f −1(Q). Take a minimal prime P ⊂ R.
Since PB is a prime ideal, we get Q = PB . Now let P be a minimal prime ideal of A belonging
to X (f ). Then PB is a prime ideal lying over P by (3). Let M ⊂ PB be a minimal prime ideal,
we get f −1(M) = P so that PB = M . Hence, (5) is proved.
To show (6), assume that PB ∈ Min(B), then P = f −1(PB) lies in Min(A) ∩X (f ) since f
is going-down. Then (6) and (7) follow easily. 
Recall that a homomorphism of rings is called pure if it is universally injective.
Lemma 2.9. Let f :A → B and g :B → C be homomorphisms of rings.
(1) If f and g are (almost) absolutely integral so is g ◦ f .
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almost absolutely integral.
(3) If g◦f is (almost) absolutely integral and f is an epimorphism, then g is (almost) absolutely
integral.
Proof. The proofs of (1) and (2) are straightforward. To show (3), consider a domain base change
B → D. Then D ⊗B C identifies to D ⊗A C because f is an epimorphism. To see this, it is
enough to use the definition of a pushout. 
Proposition 2.10. Let f :A → B be a homomorphism of rings. The following statements are
equivalent:
(1) A → B is (almost) absolutely integral;
(2) AP → BP is (almost) absolutely integral for each P ∈ Spec(A).
Proof. We first give a proof for almost absolute integrity. Obviously (1) implies (2). Assume that
(2) holds and let A → C be a domain base change. Let Q be an arbitrary prime ideal of C lying
over P in A. Setting D := C ⊗A B , there is a pushout diagram:
AP −−−−→ BP⏐⏐
⏐⏐
CQ −−−−→ DQ.
We can assume that D = 0. We infer from the above pushout that DQ is an integral domain if
nonzero. Now consider S in Spec(D) lying over some Q in C. We get that 0 = DS  (DQ)S′
where S′ is the extension of S to DQ. It follows that DS is an integral domain. As D →∏
S∈Spec(D) DS is injective, D is a reduced ring. Let M be a minimal prime ideal of D lying
over some Q in C, then MDQ is a minimal prime ideal of DQ. Since CQ → DQ is almost
absolutely integral, we get that MDQ contracts to zero in CQ by Proposition 2.8(6). Therefore,
each minimal prime ideal of D lies over (0) in C. Denote by K the quotient field of C, the above
pushout, where P := PC and Q := (0), shows that K → K ⊗A B is almost absolutely integral. It
follows that D has a unique minimal prime ideal because of Proposition 2.8(6). Therefore, D is
an integral domain and (2) ⇒ (1) is proved.
The absolutely integral case is a consequence of the almost case. 
We will consider below the following property (∗) of a homomorphism of rings f :A → B:
(∗) Q = (Q ∩ A)B for any Q ∈ Spec(B) such that there exists a P ∈ Spec(A) such that
Q ⊆ PB.
Corollary 2.11. Let f :A → B be a homomorphism of rings.
(1) If f is almost absolutely integral, AP → BR is absolutely integral for each R ∈ Spec(B)
and P := f −1(R).
(2) Suppose that AP → BR is absolutely integral for each R ∈ Spec(B) and P := f −1(R) and
that PB ∈ Spec(B) for each P ∈ Spec(A). If in addition, f verifies the condition (∗), then
f is absolutely integral.
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BP → BR . Then observe that the spectral map of AP → BR is surjective because f is going-
down by Proposition 2.8(4). We show (2). Under condition (∗), the natural homomorphism
BP → BPB is an isomorphism for each P ∈ X (f ). To prove this, we need only to show that
Q ⊆ PB is equivalent to f (A\P)∩Q = ∅ for each Q ∈ Spec(B). But both conditions are equiv-
alent to f −1(Q) ⊆ P . It follows that the condition (2) of Proposition 2.10 is fulfilled. Therefore,
f is absolutely integral. 
The following theorem gives a characterization of (almost) absolutely integral homomor-
phisms.
Theorem 2.12. Let f :A → B be a homomorphism of rings. The following statements are equiv-
alent:
(1) f is almost absolutely integral.
(2) A/I → B/IB is almost absolutely integral for each ideal I of A.
(3) A/P → B/PB is almost absolutely integral for each P of Spec(A).
(4) f is universally prime-producing.
(5) f is universally straight with almost geometrically integral fibers.
(6) f is integrally flat with almost geometrically integral fibers.
(7) f is integrally flat and k(P ) ⊗A B is an integral domain for each P ∈X (f ).
Proof. Clearly, (1) implies (2) and (2) implies (3). Now (3) implies (1) by the factorization
A → A/PC → C for a domain C. That (1) implies (4) was proved in Proposition 2.8(1).
Assume that (4) holds and let g : A → C be a domain base change. We write C = A[Xi]/Q.
Hence C ⊗A B  B[Xi]/QB[Xi]. Since A[Xi] → B[Xi] is prime-producing, C ⊗A B is either
an integral domain or zero. Thus (4) implies (1).
That (1) implies (5) follows from Corollary 2.7 and Theorem 2.6.
Assume that (5) holds. We show that (4) is verified. Since hypotheses are universal properties,
it is enough to consider A → B . Consider a prime ideal P of A. Then k(P ) ⊗A B  BP /PBP
is either an integral domain or zero, so that PBP is either a prime ideal of BP or is equal to BP .
Because PBP contracts PB , we deduce that PB is either a prime ideal or equal to B .
Now (1) ⇔ (6) is an easy consequence of the above lines and (6) ⇔ (7) is a consequence of
[5, Corollaire 1, p. 137]. 
Corollary 2.13. Let f :A → B be a homomorphism of rings. The following statements are equiv-
alent:
(1) f is absolutely integral.
(2) A/I → B/IB is absolutely integral for each ideal I of A.
(3) A/P → B/PB is absolutely integral for each P of Spec(A).
(4) f is universally prime-producing and has lying-over.
(5) f is universally straight with geometrically integral fibers.
If in addition f is flat, then f is absolutely integral if and only if f is geometrically integral.
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universally straight by Theorem 2.6, whence (5) gives the result. 
We now recall a useful construction of Olivier [26], used in the next section. For an arbitrary
ring A, there is a universal absolutely flat ring T(A); that is, a homomorphism of rings A → T(A)
where T(A) is absolutely flat and such that any homomorphism of rings A → B , where B is
absolutely flat, is factored in a unique way by A → T(A). The ring T(A) can be built as follows.
Write A = {ai, i ∈ I }, then T(A) = A[Xi, i ∈ I ]/Q, where Q is the ideal generated by the
polynomials a2i Xi − ai , aiX2i − Xi . Moreover, A → T(A) is a spectrally bijective epimorphism
of rings, which is injective if and only if A is reduced. Actually, Spec(T(A)) is homeomorphic
to Spec(A) endowed with the patch topology of Hochster (in French, topologie constructible).
Proposition 2.14. Let f :A → B be an integrally flat homomorphism of rings. Then f is (almost)
absolutely integral if and only if T(A) → T(A) ⊗A B is (almost) geometrically integral.
Proof. One implication is clear because the localizations at prime ideals of T(A) are fields. As-
sume that T(A) → T(A) ⊗A B is almost geometrically integral. Let A → K be a field base
change. There is a factorization A → T(A) → K . It follows that K ⊗A B is either an in-
tegral domain or zero. Therefore, f is almost absolutely integral by Theorem 2.12. Now if
T(A) → T(A) ⊗A B is geometrically integral whence surjective on the spectra, then f is almost
absolutely integral and af is surjective because Spec(T(A)) → Spec(A) is surjective. Therefore,
f is absolutely integral. 
3. Integral closedness and absolute integrity
At the beginning of Section 1, we explain that our terminology is coming from Field Theory.
We intend to show in this section that some results on absolutely integral algebras over a field
can be extended to arbitrary absolutely integral homomorphisms. In particular, we first exhibit a
link between separability (Bourbaki’s sense) and absolute integrity. We show also that there is a
connection between absolute integrity and integral closedness.
Remark 3.1. Let f :A → B be an (almost) absolutely integral homomorphism. Let A → K be
a field base change and set C := K ⊗A B , if this tensor product is nonzero. Let L be the quotient
field of the integral domain C. Then the field extension K ↪→ L is algebraically closed and
separable or equivalently, K ↪→ L is absolutely integral. This is a consequence of [5, Corollaire,
p. 135] and [5, Proposition 9, p. 136]. We generalize this result.
Next result expresses the link between separability (Bourbaki’s sense) and absolute integrity.
Proposition 3.2. Let A → B be an almost absolutely integral homomorphism of rings, where A
is reduced. Then A → B is absolutely reduced if and only if A → B is flat.
Proof. According to [28, Proposition 5.17], A → B is flat when A → B is absolutely reduced
and A is reduced. Now assume that A → B is flat and A is reduced. Reducedness implies that
A → T(A) is injective. To see that f is absolutely reduced, it is enough to show that B is re-
duced. Consider the almost absolutely integral homomorphism C := T(A) → T(A) ⊗A B =: D
(see Proposition 2.14). Let Q be a prime ideal of D lying over P in C. Then CP is a field since
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tion DQ. Therefore, D is reduced. Since A → B is flat, B → D is injective because A → C is.
It follows that B is reduced. 
Now we generalize a Bourbaki’s result with respect to the algebraically closed condition.
Let K be a field and K → B a homomorphism of rings. Then K → B is called absolutely
algebraically closed by Sweedler if L → L ⊗K B is integrally closed for each field extension
K ↪→ L [34, Section 1]. If K is an algebraic closure of K , then K → B is absolutely alge-
braically closed if K → K ⊗A B is integrally closed.
A homomorphism f :A → B is called integrally closed if f is injective and A is integrally
closed in B . We say that a homomorphism A → B is absolutely integrally closed if C → C⊗AB
is integrally closed for any domain base change A → C. We adopt here Sweedler’s terminology
in [34] because a denomination agreeing with our general definition would be “integrally inte-
grally closed.”
A ring A is called normal if AP is an integrally closed domain for each P ∈ Spec(A). There-
fore, a homomorphism A → B is called absolutely normal if C ⊗A B is a normal ring for every
base change A → C, where C is a normal ring. This terminology is chosen in order to avoid
confusions with absolute integral closedness.
Recall that a homomorphism of rings R → S is called essential if a homomorphism S → T
is injective whenever R → T is injective. In case R → S is injective and identified with a ring
extension, essentiality of R → S amounts to the following property: for each nonzero s ∈ S,
there is some s′ ∈ S such that ss′ ∈ R \ {0}. By using this last characterization, it is easy to show
that an integral extension of integral domains R → S is essential because a nonzero element is a
root of a monic polynomial with nonzero constant term. We are ready to prove the main result of
this section.
Theorem 3.3. Let f :A → B be an absolutely integral homomorphism. Then f is absolutely
integrally closed.
Proof. We may assume that A is an integral domain and have to show that A → B is integrally
closed. In view of previous results, B and B ⊗A B are integral domains and A → B is flat and
injective.
We first show that if A → B is integral, then f is an epimorphism. Indeed, in this case B →
B⊗AB is an integral extension between two integral domains. It follows that this homomorphism
is essential and hence, B ⊗A B → B is bijective. Therefore, A → B is an epimorphism (see the
end of Section 1).
Now consider the integral closure C of A in B . Then B → C ⊗A B is injective (by flatness
of f ) and integral between integral domains. By definition of a pushout, IdB can be factored
B → C ⊗A B → B . Since B → C ⊗A B is essential, C ⊗A B → B is an isomorphism. From
the factorization of C → B into C → C ⊗A B → B , we deduce that C → B is an absolutely
integral homomorphism between integral domains. Therefore, C → B is faithfully flat. From
Lemma 2.9(2), we deduce that A → C is absolutely integral whence faithfully flat. In view of
the first part of the proof, A → C is also an epimorphism. Therefore, A → C is an isomorphism
[22, Lemme 1.2, p. 109]. 
Notice that Theorem 3.3 cannot be extended to almost absolutely integral homomorphisms.
It is enough to consider the flat epimorphism A → K between a nonintegrally closed domain
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have the following results.
Corollary 3.4. Let f :A → B be an almost absolutely integral homomorphism.
(1) AP → BQ is absolutely integrally closed for each Q ∈ Spec(B) and P := f −1(Q).
(2) C → C ⊗A B is absolutely integrally closed for any domain base change g :A → C such
that X (g) ⊆X (f ).
(3) k(P ) → k(P ) ⊗A B is absolutely integrally closed for each P ∈X (f ).
Proof. Each of these statements follows from Theorem 3.3 by showing that the convenient ho-
momorphism has lying-over. Corollary 2.11(1) shows that AP → BQ is absolutely integral.
Now X (g)⊆X (f ) implies that C →C ⊗A B has lying-over because the map
Spec(B ⊗A C) → Spec(B) ×Spec(A) Spec(C) is surjective [16, Chapter I, Corollaire 3.2.7.1].
Then (3) is a consequence of (2). 
We generalize Remark 3.1 by using a property of faithfully flat homomorphisms. We denote
by Tot(R) the total ring of fractions of a ring R. Let f :R → S be a faithfully flat homomorphism
of rings. We showed that Tot(S)  Tot(R) ⊗R S and Tot(R) → Tot(S) is injective [28, proof of
Lemma 4.30].
As usual, an overring of a ring A is an A-subalgebra of Tot(A).
Lemma 3.5. Let P a property of rings be such that a ring A verifies P if and only if every
overring of A verifies P. Let f :A → B be a homomorphism of rings and g : A → C a faithfully
flat homomorphism of rings such that C ⊗A B verifies P. Then C ⊗A Tot(B) verifies P.
Proof. First observe that B → C ⊗A B is faithfully flat. By the above recall, there is an injective
ring homomorphism Tot(B) → Tot(C ⊗A B) induced by B → C ⊗A B . Therefore, there is a
factorization C ⊗A B → C ⊗A Tot(B) → Tot(C ⊗A B). The first map is a flat epimorphism
because deduced from a flat epimorphism by a base change. Since a flat epimorphism is essential
[22, Proposition 2.1, p. 111], the second morphism is injective. It follows then that C ⊗A Tot(B)
has P. 
Corollary 3.6. Let P be a property of rings verifying the hypotheses of Lemma 3.5. Let K → B
be a homomorphism of rings, where K is a field. If K → B is geometrically P, so is K → B →
Tot(B).
Next we give criteria for a homomorphism to be (almost) absolutely integral. If K is a field,
K is an algebraic closure of K .
Theorem 3.7. Let f :A → B be a homomorphism of rings. The following statements are equiv-
alent:
(1) f is almost absolutely integral.
(2) f is integrally flat, prime-producing and k(P ) → k(PB) is absolutely integrally closed for
each P ∈X (f ).
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the integral domain property. Since k(P ) → k(P ) ⊗A B is geometrically integral, so is k(P ) →
Tot(k(P )⊗A B). As PB is a prime ideal by Proposition 2.8(3), Tot(k(P )⊗A B) is isomorphic to
k(PB). It follows from Theorem 3.3 that this last homomorphism is absolutely integrally closed.
Thus (2) is proved.
Assume that the hypotheses of (2) hold. We intend to show that k(P ) ⊗A B is geometri-
cally integral for each P ∈ X (f ). This will prove that (1) holds in view of Theorem 2.12(6),
because k(P ) ⊗A B = 0 if P /∈ X (f ). Denote by L the quotient field k(PB) of the integral
domain E := k(P ) ⊗A B (E is nonzero because P ∈ X (f )). Then k(P ) → L is absolutely in-
tegrally closed. Therefore, k(P ) → L is absolutely reduced; that is, a separable field extension
(see [5, Définition 1, p. 114]). It follows that k(P ) → L is an absolutely integral homomorphism
(a regular extension of fields in the Bourbaki’s context) [5, Proposition 9, p. 136]. Thanks to [5,
Corollaire, p. 135], k(P ) → E is absolutely integral, whence geometrically integral. 
We will prove that the statement k(P ) → k(PB) is absolutely integrally closed in Theo-
rem 3.7(2) can be replaced with k(P ) → k(PB) is algebraically closed and separable.
Lemma 3.8. Let f :A → B be a homomorphism of rings.
(1) k(P ) ⊗A (B/Q) is an integral domain with quotient field k(Q) for Q ∈ Spec(B) and P :=
f −1(Q).
(2) Let Q ∈ Spec(B) and P := f −1(Q). Then k(P ) → k(Q) is algebraically closed and sepa-
rable if and only if k(P ) → k(P ) ⊗A (B/Q) is absolutely integral.
(3) If f is integrally flat and P ∈ Spec(A), then k(P ) ⊗A B is an integral domain if and only if
PB is a prime ideal of B .
Proof. We show (1). Look at the inclusion A/P ↪→ B/Q. Since k(P )⊗A B/Q = k(A/P )⊗A/P
B/Q, we may assume that B is integral and Q = 0. The result is then trivial.
In view of (1), k(P ) → k(P ) ⊗A (B/Q) is absolutely integral if and only if k(P ) → k(Q) is
algebraically closed and separable [5, Corollaire, p. 135 and Proposition 9, p. 136]. Hence, (2) is
proved.
To prove (3) it is enough to consider the following pushout, whose vertical arrows are injective
localizations
A/P −−−−→ B/PB⏐⏐
⏐⏐
k(P ) −−−−→ k(P ) ⊗A B.

Theorem 3.9. Let f :A → B be a homomorphism of rings. The following statements are equiv-
alent:
(1) f is absolutely integral.
(2) f is integrally flat, PB ∈ Spec(B) and k(P ) → k(PB) is algebraically closed and separable
for each P ∈ Spec(A).
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k(P ) ⊗A (B/PB) and use Theorem 3.7(2). 
Actually, (2) can be also stated as follows: f is integrally flat with integral fibers and k(P ) →
k(PB) is algebraically closed and separable for each P ∈ Spec(A) by Lemma 3.8.
The next result is a generalization of a result of Field Theory to homomorphisms of rings.
Proposition 3.10. Let f :A → B be a homomorphism of rings. The following statements are
equivalent:
(1) f is absolutely integral.
(2) f is absolutely irreducible and absolutely integrally closed.
Proof. Supppose that (1) holds. Let A → C be a base change where C is irreducible and set
D := C ⊗A B . Then C has a unique minimal prime ideal M by Proposition 2.8(5). Hence MD
is a minimal prime ideal. Now, every prime ideal Q of D contracts to a prime ideal P ⊇ M . It
follows that MD ⊆ Q and D is irreducible. As f is absolutely integrally closed by Theorem 3.3,
(2) is proved.
Assume that (2) holds. Let A → C be a domain base change. Then C ⊗A B is irreducible and
reduced, whence an integral domain. 
We recall some results from [9]. They concern injective homomorphisms of rings of finite
type, whose fibers are integral domains. Our goal is to show that some transcendental elements
do exist for absolutely integral homomorphisms.
Proposition 3.11. Let A → B be an injective homomorphism of finite type. Let P ∈ Spec(A) be
such that k(P ) ⊗A B is an integral domain and Q ∈ af −1(P ).
(1) Dim(k(P ) ⊗A B) = tr.deg(A/P )(B/Q) + ht(Q/PB).
(2) Q is maximal in af −1(P ) if and only if tr.deg(A/P )(B/Q) = 0 (equivalently, ht(Q/PB) =
Dim(k(P ) ⊗A B)).
Proof. (1) is [9, Théorème 4.3] and (2) is [9, Théorème 4.1]. 
Proposition 3.12. Let f :A → B be an injective absolutely integral homomorphism of rings.
Assume that f is of finite type.
(1) Dim(k(P ) ⊗A B) = tr.degk(P )(k(PB)) for each P ∈ Spec(A).
(2) Suppose that tr.degk(P )(k(PB)) = 0 for each P ∈ Spec(A) and that A is an integral domain.
Then A → B is an isomorphism.
Proof. If P belongs to Spec(A), then PB is a prime ideal of B lying over P . To get (1), it is
enough to take Q := PB in Proposition 3.11(1). Assume that tr.degk(P )(k(PB)) = 0 for each
P ∈ Spec(A) so that Dim(k(P ) ⊗A B) = 0. It follows that A → B is quasi-finite. According to
the Zariski Main Theorem, A → B can be factored A → A′ → B where the first homomorphism
is finite and the second is an open immersion; that is, a flat epimorphism of finite presentation.
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over. Hence, A → B is an isomorphism because a faithfully flat epimorphism [22, Lemma 1.2,
p. 109]. 
Hence on the one hand, for a maximal element of a fiber of an absolutely integral homomor-
phism f of finite type, there is no transcendental elements in its associated residual extension by
Proposition 3.11(2). On the other hand, if the residual extensions associated to minimal elements
of fibers have no transcendental elements, f is an isomorphism (combine Proposition 3.11(1)
with Proposition 3.12).
Here is a result of the same vein as above.
Proposition 3.13. Let f :A → B be an absolutely integral homomorphism between Noetherian
rings. Then for each pair P1 ⊆ P of prime ideals of A, we have Dim(AP /P1AP ) =
Dim(BPB/P1BPB). In particular, ht(P ) = ht(PB), if in addition A is an integral domain.
Proof. As A/P1 → B/P1B is faithfully flat, it is enough to use [7, Corollaire 4, p. 34]. 
We end this section with a descent result.
Proposition 3.14. Let f :A → B be a homomorphism of rings and let A → A′ be a base change
inducing f ′ :A′ → A′ ⊗A B .
(1) Suppose that A → A′ has lying-over. If the fibers of f ′ are geometrically integral, so are the
fibers of f .
(2) Suppose that A → A′ is injective and descends flatness (e.g. A → A′ is pure or faithfully
flat) and that either f is of finite presentation and A′ is reduced or A′ is locally integral. If
f ′ is absolutely integral, so is f .
(3) Suppose that A → A′ is prime-producing and faithfully flat. If f ′ is absolutely integral, so
is f .
Proof. In order to show (1), we may immediately assume that A = K is a field, that A′ = 0 and
that A′ → B ⊗K A′ has geometrically integral fibers. Let A′ → L be a field base change. Then
B ⊗K L is a domain. As K → A′ → L is faithfully flat, it follows that B → B ⊗K L is injective,
so B is a domain.
Assume that A → A′ is injective and descends flatness. Then A → A′ has lying-over. To see
this, it is enough to show that the equation M ⊗A A′ = 0 for an A-module M implies M = 0, for
in that case every fiber of A → A′ is nonzero. But M ⊗A A′ = 0 implies flatness of M over A;
so that M → M ⊗A A′ is injective.
To complete the proof of (2), it is enough to show that flatness is descended (see Theo-
rem 2.12(6)). Suppose that either f is of finite presentation and A′ is reduced or A′ is locally
integral and that f ′ is absolutely integral. Then f ′ is flat because either f ′ is of finite presentation
and A′ is reduced or A′ is locally integral. As A → A′ descends flatness, f is flat.
Assume that A → A′ is prime-producing and faithfully flat. Then P ′ := PA′ is a prime ideal
of A′ for each P ∈ Spec(A) because A → A′ is a lying-over homomorphism. In that case,
A/P → A′/P ′ is faithfully flat and A′/P ′ → B ′/P ′B ′ is deduced from A/P → B/PB by
the base change A/P → A′/P ′. It follows that if f ′ is absolutely integral, A/P → B/PB is
flat. 
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Suslin, Bass, Connell and Wright proved that a locally polynomial algebra of finite presen-
tation is isomorphic to the symmetric algebra of a finitely generated projective module, [3,33].
These algebras are absolutely integral. We are thus led to examine symmetric algebras of arbi-
trary modules.
Let M be an A-module and SA(M) its symmetric algebra. If M is flat over A, then SA(M)
is an algebraically flat A-algebra, because a flat module is a direct limit of free A-modules with
finite rank. In this case, A → SA(M) is absolutely integral.
Proposition 4.1. Let M be an A-module. Then A → SA(M) is absolutely integral if and only if
M is integrally flat. If A is locally integral, then A → SA(M) is absolutely integral if and only if
M is flat. If A is reduced and M is of finite presentation, then A → SA(M) is absolutely integral
if and only if M is locally free.
Proof. We know that an absolutely integral ring morphism is integrally flat. Now let P ∈
Spec(A), then SA/P (M/PM) is (A/P )-isomorphic to SA(M) ⊗A (A/P ). Hence, absolute in-
tegrity of A → SA(M) involves that SA/P (M/PM) is (A/P )-flat and so is its direct summand
M/PM . The converse is obvious.
Assume that A is locally integral, then A → SA(M) is integrally flat if and only if this map
is flat by Theorem 2.6. In case M is of finite presentation and A is reduced, the same result
holds by Theorem 2.6, because the symmetric algebra of an A-module of finite presentation is of
finite presentation as an A-algebra, and conversely [33, Lemma 2.2]. To complete the proof, it is
enough to observe that the flatness of M and SA(M) over A are equivalent, since M is a direct
summand of SA(M). Moreover, a flat module of finite type over a local ring is free. 
Next consider an ideal I of a ring A. Proposition 4.1 shows that A → SA(I) is absolutely
integral if and only if I/P I is (A/P )-flat for each P ∈ Spec(A). Let R(I ) := A[IX] be the
Rees ring of I . The homomorphism of A-module I → A[IX], defined by a → aX, induces a
surjective homomorphism of rings SA(I) → R(I ). When this map is bijective, I is called an
ideal of linear type [17]. If A is Noetherian, Valla proved that I is of linear type if and only if
S(A/I)(I/I 2) → grA(I) is an isomorphism of (A/I)-modules [35, Theorem 1.3]. The linear type
property localizes and globalizes in Noetherian rings [35, Lemma 1.2].
Proposition 4.2. Let I be a finitely generated flat regular ideal of a reduced ring A. Then A →
R(I ) is absolutely integral. In this case, the graded (A/I)-algebra grI (A) is absolutely integral
and if I is a prime ideal, grI (A) is (A/I)-flat.
Proof. First observe that I is an invertible ideal; so that A →R(I ) is absolutely integral, be-
cause locally polynomial. We verify conditions of [17, Proposition 2.2(b)] for I to be of linear
type. Clearly, I ∩ (0 : I ) is zero. Then SA(I) has no I -torsion since I is regular and SA(I)
is A-flat. Thanks to [17, Proposition 2.2], I is of linear type. The conclusion follows because
SA/I (I/I 2) → grI (A) is deduced from SA(I) →R(I ) by the base change A → A/I . 
Bourbaki defines completely secant ideals [8, Section 5]. The following result is a variant of
[8, Corollaire 2, p. 64].
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an absolutely integral homomorphism between Noetherian rings.
(1) f is flat and B is locally integral.
(2) If I is of linear type, so is IB .
(3) If I is completely secant, so is IB .
Proof. Clearly, f is locally flat whence flat. Next we show that B is locally integral. For each
prime ideal P of A, BP is an integral domain. Now if Q belongs to Spec(B) and P := f −1(Q),
the ring BQ is a localization of BP and is therefore an integral domain. Assume that I is an
ideal of linear type in A. Then IP is of linear type in AP . Micali proved that an ideal of an
integral domain is of linear type if and only if its symmetric algebra is an integral domain [24,
Proposition 1]. Therefore, SBP ((IB)P ) is an integral domain and so is SBQ((IB)Q). By Micali’s
result, IB is of linear type. 
Proposition 4.4 is motivated by the well-known following result. Bourbaki defines its “ab-
solutely regular” homomorphisms in [8]. If f has lying-over and is absolutely regular, B is either
regular or (normal, Macaulay, Gorenstein) if and only if A is (see for instance [8, Exercises (3)
and (4), p. 169]).
If A is a Noetherian ring, Reg(A) is the set of all prime ideals of A such that AP is a regular
ring.
Proposition 4.4. Let f :A → B be a homomorphism between Noetherian rings.
(1) Assume that f is integrally flat. Let P ∈ Reg(A) be such that its fiber is regular. Then BQ is
regular for each prime ideal Q of B lying over P .
(2) Assume that f is absolutely integral with regular fibers, then B is regular whenever A is
regular.
In particular, an absolutely integral ring homomorphism, essentially of finite type and with geo-
metrically regular fibers, is absolutely regular.
Proof. Statement (2) is a consequence of (1). Now (1) is an immediate consequence of [8, Propo-
sition 9, p. 61]. It can be also deduced from the preceding proposition. Localizing at P , we can
assume that A is local regular, f is flat by Theorem 2.12 and P is the maximal ideal of A with
a regular fiber. In this case, P is completely secant by [8, Proposition 2, p. 65]. Then PB is
completely secant by Proposition 4.3 and B/PB is regular. It follows from [8, Proposition 3,
p. 65] that BQ is regular for each prime ideal Q of B containing PB . But this last condition is
equivalent to f −1(Q) = P . 
The following proposition cannot be reduced to Proposition 4.4.
Proposition 4.5. Let f :A → B be an almost absolutely integral homomorphism between
Noetherian rings. Let P a prime ideal in X (f ) be such that AP is a regular local ring. Then
BPB is a regular local ring. In particular, if the natural map BP → BPB is bijective, BQ is
regular for each Q ∈ af −1(P ).
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if and only if the symmetric algebra SR(M) is an integral domain. Therefore, regularity of AP
implies that SAP (PAP ) is an integral domain. We get that SBPB (PBPB)  SAP (PAP )⊗AP BPB
is an integral domain, because AP → BPB is absolutely integral by Corollary 2.11. The above
mentioned result shows that BPB is regular. 
Let {Xλ} be a set of indeterminates over a ring A and B the corresponding polynomial ring. As
A → B is absolutely integral and absolutely regular, it can be asked whether there is a connection
between absolute integrality, absolute regularity and the condition (∗) of Section 2. We can offer
the following result.
Corollary 4.6. Let f :A → B be an absolutely integral homomorphism between Noetherian
rings. Assume that A → B verifies condition (∗). Then B is regular whenever A is regular.
Proof. It is enough to observe that condition (∗) implies that BP → BPB is bijective (see the
proof of Corollary 2.11(2)). 
We now intend to examine the transfer of normality.
Proposition 4.7. Let f :A → B be an absolutely integral homomorphism, where A is reduced
and either A is Noetherian or f is essentially of finite type. Assume that the generic fibers of f
are normal. If A is normal, so is B . Therefore, an absolutely integral homomorphism f :A → B
essentially of finite type such that A is reduced and with geometrically normal fibers is absolutely
normal.
Proof. As A is normal, it is locally integral. Since the hypotheses are preserved under localiza-
tion at prime ideals, we may assume that A and hence B are integral. Denote by K and L the
respective quotient fields of A and B . By Lemma 3.8(1), K ⊗A B is an integral domain with
quotient field L since A → B is injective. Now observe that A → B preserves integral closure in
any base change by [28, Proposition 5.19] and Proposition 3.2, because A → B is flat. Thus if A
is normal, B is integrally closed in K ⊗A B . As B → L can be factored B → K ⊗A B → L, B
is normal because the generic fiber is normal. 
The above proof shows that an absolutely integral homomorphism A → B , such that A is
reduced and either A is Noetherian or A → B is essentially of finite type, universally preserves
integral closure.
Literature offers another notion of separability. Namely, a homomorphism of rings f :A → B
is called separable if the natural surjective map (the codiagonal homomorphism) ∇(f ) :B ⊗A
B → B defines B as a B ⊗A B-projective module. Recall that a ring morphism f is called
radiciel if f is universally injective on the spectra, or equivalently, af is injective and the residual
extensions of f are purely inseparable [16, I.3.7]. The next result will prove to be useful.
Proposition 4.8. Let f :A → B be an absolutely integral homomorphism between integral do-
mains. The following statements are equivalent:
(1) ∇(f ) is flat (i.e. f is absolutely flat).
(2) ∇(f ) is projective.
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(4) f is an isomorphism.
Proof. Clearly, (4) implies (3), (2) and (1). Since a finitely generated flat module over an integral
domain is projective [19, Corollary 1], we get that (1) implies (2). Observe that B and B ⊗A B
are integral domains. If (2) holds, Ker(∇(f )) is generated by an idempotent [11, Proposition 1.1,
p. 39]. It follows that ∇(f ) is an isomorphism. Assume now that (3) holds. Since B → B ⊗A B
is spectrally injective, the factorization B → B ⊗A B → B of IdB shows that ∇(f ) is injective.
In both cases, ∇(f ) is bijective and hence, f is an epimorphism. Therefore, f is a faithfully flat
epimorphism, whence an isomorphism [22, Lemme 1.2, p. 109]. This completes the proof. 
The next results are motivated by the theory of Grothendieck rings. A Noetherian ring A
is Grothendieck if AP → ÂP is Bourbaki absolutely regular for each P in Spec(A) [8, Exer-
cises (4), (5), (6), p. 169]. For instance, a k-algebra B over a field is Grothendieck if k → B is
essentially of finite type.
Proposition 4.9. Let A be a local ring and Ah its Henselization. The following conditions are
equivalent:
(1) A → Ah is absolutely integral.
(2) A → Ah is radiciel.
(3) A is Henselian.
Proof. The fiber at P ∈ Spec(A) of the faithfully flat homomorphism A → Ah is a product
of finitely many separable algebraic field extensions of k(P ) [15, Theorem 18.6.9]. Therefore,
A → Ah is absolutely integral if and only if k(P ) ⊗A Ah is a field isomorphic to k(P ) for
each P ∈ Spec(A). In this case, A → Ah is unibranched, with isomorphic residual extensions.
Therefore, A → Ah is radiciel. Conversely, if A → Ah is radiciel, the fiber at P ∈ Spec(A) is a
field isomorphic to k(P ) and A → Ah is absolutely integral by Theorem 2.12 because A → Ah
is flat. Thus (1) is equivalent to (2).
Assume that A → Ah is radiciel. Now recall that Ah is a direct limit of a system of essentially
étale local A-algebras Aλ and that Ah is the Henselization of any Aλ [15, Definition 18.6.5 ff]. It
follows that Aλ → Ah is faithfully flat. Hence, A → Aλ is unibranched because A → Ah is and
Aλ → Ah has lying-over. Moreover, a residual extension of A → Aλ is contained in a residual
extension of A → Ah, which is an isomorphism by the first part of the proof. Consequently, the
residual extensions of A → Aλ are isomorphic. The kernel of the codiagonal homomorphism
of A → Aλ is a finitely generated ideal and its module of differentials is zero. It follows that
A → Aλ is an epimorphism [22, Proposition 1.5, p. 109]. As A → Ah is faithfully flat as well
as Aλ → Ah, we find that A → Aλ is faithfully flat. But a faithfully flat epimorphism is an
isomorphism [22, Lemme 1.2, p. 109]. Thus we have proved that A → Ah is an isomorphism
and A is Henselian. Therefore, (2) implies (3) and the converse is obvious. 
We are now in position to improve some results of E.G.A. about formal fibers of Noetherian
local rings (A,M); that is, fibers of A → Â, where Â is the separated completion of A with
respect to the M-adic topology [15, Theorem 18.9.1].
G. Picavet / Journal of Algebra 311 (2007) 584–605 603If k is a field, a homomorphism of rings k → B is called (EGA) geometrically normal if B is
a Noetherian ring and K ⊗k B is a normal ring for each field extension of finite type k ↪→ K [14,
Définition 6.7.6] and [14, Corollaire 6.7.8].
Proposition 4.10. Let A be a local Noetherian ring, whose formal fibers are EGA geometrically
normal ( for instance, if A is Henselian and excellent). The following statements are equivalent:
(1) A → Â is absolutely integral.
(2) A is Henselian.
It follows that Ah → Â is absolutely integral.
Proof. Assume that (1) holds. From the factorization A → Ah → Â, we deduce that A → Ah
is absolutely integral by Lemma 2.9. Indeed, Ah → Â is faithfully flat since Âh = Â [15, The-
orem 18.6.6]. Hence, A is Henselian by Proposition 4.9. The converse is a consequence of [15,
Theorem 18.9.1], which states that if the formal fibers of a local Henselian Noetherian ring are
EGA geometrically normal, they are absolutely integral. Hence the faithfully flat homomorphism
A → Â is absolutely integral by Theorem 2.12(6).
To complete the proof, it is enough to show that the formal fibers of Ah are EGA geometrically
normal. But this is a consequence of [15, Proposition 18.7.2] and [14, Exemples 7.3.8], because
the formal fibers of Ah are EGA geometrically normal, whenever those of A are. 
Example 4.11. Let K be a field, R := K[X1, . . . ,Xn] a polynomial ring with quotient field L. Let
M := (X1, . . . ,Xn) and set A = RM . Then Â is the ring of formal power series KX1, . . . ,Xn
and Ah is the ring of all formal power series that are algebraic over K[X1, . . . ,Xn] [21]. Seydi
proved that Ah is a local regular excellent ring with Krull dimension n and with completion Â. Its
quotient field is a separable algebraic extension of L [32]. Hence Ah → Â is absolutely integral.
Next we examine complete intersections. An ideal I of a Noetherian ring A is a complete
intersection if ht(I ) μ(I), where μ(I) is the length of a shortest system of generators of I . If
A is a local ring and I = (a1, . . . , an) is a prime ideal, then I is a complete intersection if and
only if {a1, . . . , an} is a regular sequence [20, Corollary 5.13]. The reader may find in either [15,
Définition 19.3.1] or elsewhere the definition of a complete intersection local Noetherian ring.
We are motivated by our result: an algebraically projective K-algebra R of finite type over
a field K is a complete intersection ring (actually, either a polynomial ring or a factor ring of a
polynomial ring with respect to a complete intersection prime ideal) [29]. It follows that an A-
projective algebra B of finite type (equivalently, of finite presentation) is an absolutely integral
flat homomorphism with (locally) complete intersection fibers. This means that A → B is a
complete intersection homomorphism in the sense of E.G.A. [15, Définition 19.3.6]. Such a
homomorphism is an absolutely complete intersection by [15, Corollaire 19.3.10]. The same
result is valid for a flat fibration of finite presentation.
Proposition 4.12. Let f :A → B be an almost absolutely integral homomorphism between
Noetherian rings. Let Q ∈ Spec(B) and set P := f −1(Q).
(1) If I ∈ Spec(AP ) is a complete intersection, so is IBQ.
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Proof. We first show (1). By [20, Corollary 5.15], AP is an integral domain and so is BQ since
AP → BQ is absolutely integral. As AP → BQ is flat, IBQ is generated by a regular sequence
by a well-known result. It follows that IBQ is a complete intersection.
To prove (2), we use a paper by Avramov defining the complete intersection defect d(A)
of a local Noetherian ring A [2, Section 3]. We have d(A) = 0 if and only if A is complete
intersection. Thanks to [2, Proposition 3.8], it is enough to consider BPB . Consider the local
morphism R := AP → BPB =: S. Its fiber at PAP is BPB/PBPB = k(PB). Since d(S) =
d(R) + d(k(PB)) = d(R) by [2, Proposition 3.6], the proof is complete. 
5. Miscellaneous results
We give some results that are unrelated to the previous.
Lemma 5.1. Let A be a ring with total quotient ring K . Let I an ideal of B := A[X1, . . . ,Xn]
be such that A → B/I is flat. Then I is a prime ideal if and only if IK[X1, . . . ,Xn] is a prime
ideal.
Proof. Set L := K[X1, . . . ,Xn]. Then B/I → L/IL is an injective localization because de-
duced from A → K by a flat base change. Therefore, if I is a prime ideal, so is IL. The converse
follows from IL ∩ B = I . 
Proposition 5.2. Let f :A → B be an absolutely integral homomorphism between rings, whose
respective total quotient rings are K and L. Let I be an ideal of A[X1, . . . ,Xn] such that A →
A[X1, . . . ,Xn]/I is flat. Then IL[X1, . . . ,Xn] is a prime ideal if IK[X1, . . . ,Xn] is a prime
ideal. The converse holds if f is flat.
Proof. The first part is obvious in view of Lemma 5.1 (notice that we cannot exhibit a homo-
morphism K → L). The second follows from the faithful flatness of f when f is flat. 
Let p(X1, . . . ,Xn) ∈ A[X1, . . . ,Xn] =: B . The homomorphism A → B/(p(X1, . . . ,Xn)) is
flat if and only if C(p) = C(p)2, where C(p) is the content of the polynomial p(X1, . . . ,Xn)
[27, Remarque, p. 558]. We say that such a polynomial is flat.
Corollary 5.3. Let f :A → B be an absolutely integral homomorphism between
integral domains with respective quotient fields K and L. A flat polynomial p(X1, . . . ,Xn) of
A[X1, . . . ,Xn] is irreducible in K[X1, . . . ,Xn] if and only if it is irreducible in L[X1, . . . ,Xn].
This last result has some curious consequences, that can also be considered as corollaries of
Theorem 3.9. Let f :A → B be an absolutely integral homomorphism, between integral domains
with respective quotient fields K and L. Let a be an element of A. Then a is not a square (re-
spectively, a cube) in K if and only if so does f (a) in L. It is enough to consider the polynomials
X2 − a,X3 − a ∈ A[X].
Now assume that a, b ∈ A are coprime and a = 0. By considering the polynomials aX2 − b
and aX3 − b, we get that b/a is not a square (respectively, a cube) in K if and only if so is
f (a)/f (b) in L.
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